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The simple pendulum is one of the most popular examples analysed in textbooks and undergraduate courses in physics [1] and it is perhaps the most investigated oscillatory motion in physics. Many nonlinear phenomena in real world are governed by pendulumlike differential equations [2] . The nonlinear differential equation for the simple pendulum can be exactly solved and the period and periodic solution expressions involve the complete elliptic integral of the first kind and the Jacobi elliptic functions, respectively. Due to this, several approximation schemes have been developed to investigate the situation for large amplitude oscillations of a simple pendulum, and several approximations for its large-angle period have been suggested (a summary of most of them can be found in [3] [4] [5] ). However, it is not as easy to obtain an accurate approximate solution in terms of elementary functions. The most common approximation is to consider a trigonometric approximate solution in the form € θ(t ) ≈ θ 0 cos(ω a t ) [6] , where ω a is one of the suitable approximations for the exact frequency and it is a function of the angular amplitude θ 0 . In this letter we obtain some analytical approximate solutions for the simple pendulum in terms only of elementary functions (polynomial and trigonometric functions). To do this, we don't use the nonlinear differential equation of motion for the simple pendulum but the exact expression of the tension in the pendulum string at arbitrary angular position and the maximum value for this tension. Our results allows us not only to obtain an approximate expression for the solution but also a trigonometric approximation for the tension in the string whose maximum relative error is as low as 0.27% for amplitudes less than π/2 rad. We believe this study, or parts of it, can be useful not only in advanced but also in introductory university courses of classical mechanics in a second or a third year course.
In a recent letter [6] , Lima obtained a trigonometric approximation for the tension in the string of a simple pendulum accurate for all amplitudes. To obtain this formula, Lima takes into account the expression for the tension Τ in the pendulum string at an arbitrary angular position θ(t), which is given as follows 
where θ 0 is the angular amplitude. For deriving a trigonometric approximation for the tension valid for all amplitudes Lima considers the following approximate solution to
where ω a is some suitable approximation for the exact pendulum frequency ω. In particular, Lima takes into account Ganley's formula for the approximate frequency [7] .
However, the results Lima obtained cannot give a correct value for the maximum tension for all amplitudes. For instance, for θ 0 = π/4 and π/2, the approximate maximum tensions obtained by Lima are 1.5704 and 2.7738, respectively. However, it is easy to verify from Eq. (3) that the values for the exact maximum tension are 1.5858 and 3, respectively. Evidently, these differences are due to the election of Eq. (4) for the solution.
Lima's letter gave us the idea of using the exact expressions for the tension (Eq. (1)) and the maximum tension (Eq. (3)) to obtain an approximate expression for the solution of the pendulum equation of motion in term of elementary functions. In this sense, we are going to do an inverse procedure that those used by Lima.
The exact solution for the simple pendulum is periodic and then it can be represented as a Fourier series = 0 as initial conditions. Now we approximate the periodic solution in Eq. (6) by a trigonometric polynomial as follows (only the first two terms in Eq. (5))
where ω a is some suitable approximation for the exact frequency ω, and b 1 and b 3 are two coefficients which have to be obtained. As θ(0) = θ 0 we can write Eq. (6) as follows
and only one coefficient has to be determined. For ω a we use the Carvalhaes and Suppes' expression obtained using the arithmetic-geometric mean [8, 9] which can be written as follows 
The error for Eq. (8) is lower than 1% for θ 0 ≤ 163º [5] . Now we expand the maximum tension in Eq. (3) in a Maclaurin series, and we obtain
and we also approximate the coefficient b 3 as follows
Substituting Eqs. (7), (8) and (10) 
Substituting Eqs. (7), (8) and (16) 
Now the values for the approximate maximum tension for θ 0 = π/4 and π/2 rad are 1.5858 and 2.9919, respectively (the exact values are 1.5858 and 3, respectively). This implies that the maximum relative error for the approximate maximum tension given in Eq. (18) is less than 0.27% for θ 0 < π/2 rad. The relative error obtained by Lima for the same angle was 7% [6] . In Figure 1 we have plotted the maximum tension in the string of a simple pendulum, in units of the weight mg, as a function of the angular amplitude.
In this figure we have included the exact expression as well as Lima's formula (Eq. (18) in ref. [6] ) and Eq. (18) in this paper. As we can see, the approximate formula for the maximum tension given in this letter, found in (18), yields values much closer to the exact ones, obtained using Eq. (3), than those yields by the Lima's formula.
Higher 
The approximate periodic solution, (18), and the exact one [10] , are plotted in Figure 2 for θ 0 = 2π/3 rad. In this figure, parameter h is defined as € h = ω ex t / 2π. This figure shows that Eqs. (8) and (18) can provide high accurate approximations to the exact frequency and the exact periodic solutions for θ 0 < 2π/3 rad.
Now we compare the Fourier series expansion of the exact solution [11] with the approximate solution in Eq. (18) for different values of the amplitude. For θ 0 = π/6 rad we obtain
For θ 0 = π/3 rad we obtain
For θ 0 = π/2 rad we obtain rad.
